In our previous work we have found a lower bound for the multipartite uncertainty product of the position and momentum observables over all separable states. In this work we are trying to minimize this uncertainty product over a broader class of states to find the fundamental limits imposed by nature on the observable quantites. We show that it is necessary to consider pure states only and find the infimum of the uncertainty product over a special class of pure states (states with spherically symmetric wave functions). It is shown that this infimum is not attained. We also explicitly construct a parametrized family of states that approaches the infimum by varying the parameter. Since the constructed states beat the lower bound for separable states, they are entangled. We thus show that there is a gap that separates the values of a simple measurable quantity for separable states from entangled ones and we also try to find the size of this gap.
I. INTRODUCTION
The famous Heisenberg uncertainty relation states that the standard deviation of position and momentum observables of any quantum states cannot be simultaneously small or, more precisely, that (in appropriate units)
This inequality is tight and becomes equality for the vacuum state whose wave function in the position representation is
In [1] we have shown that the inequalities (1) for different degrees of freedom can be "multiplied" side-by-side to produce inequalities valid for all completely separable states. For example, the inequalities σ xx σ pp 1 4 and σ xp σ px 1 4
are valid for all bipartite separable states. These inequalities for separable states are also tight since for the twodimensional vacuum they become equality. We have also shown that these inequalities can be violated. A question of fundamental interest is what is infimum of the products on left hand side of the inequalities (3) over the set of all quantum states? For any physical quantum state these products are strictly positive, but this does not mean that the infimum is also positive. The problem of determining this infimum is surprisingly more complicated than in a single partite case. In this work we do not completely solve this problem, we restrict it to the class of states with real spherically symmetric wave functions and find the infimum * Electronic address: evgeny.shchukin@gmail.com over this class of states. This infimum is not attained, so we construct family of states parametrized by a real parameter 0 < ξ < 1 such that when ξ → 1 the uncertainty product approaches the infimum. More precisely, we construct a family of states such that σ xp σ px < 1/4 for all 0 < ξ < 1 and σ xp σ px → 1/8 when ξ → 1. We also generalize our construction to a larger number of parties. As the number of parties growth, the problem becomes more and more complicated, so we obtain explicit results only for four-partite and six-partite cases and outline the general approach.
The paper is organized as follows. In section II we set up the environment in which we work in this paper and prove that to minimize the uncertainty product under consideration pure states are sufficient. In section III we derive an analytical expression for the state obtained numerically in our previous work and introduce the technique that is used to obtain the main result of this paper. In section IV we obtain our main result, i.e. we derive family of bipartite states that minimize the uncertainty product in the special class of pure states with real spherically symmetric wave functions. The derivation is not difficult but lengthy, so it is divided into several steps to make it easier to follow. In section V we analyze some properties of these states. In section VI we generalize our construction to a more general case of a larger number of parties. The conclusion is in section VII. Proofs of the auxiliary results are given in the appendices at the end of the paper. We make an intensive use of the book [2] , which we refer to simply as GR. It is rather a large book with a lot of results, so we give the page and formula numbers to easily locate the results we refer to.
II. MULTIPARTITE UNCERTAINTY PRODUCT
The general form of the uncertainty relation (1) 
This inequality is tight -it is easy to verify that for the N -partite vacuum state with the wave-function 
the left-hand side of the inequality (5) is exactly 2 −N . The natural question is -how strong can the inequality (5) be violated?
First of all note that by analogy with the inequality (5) the following 2 N −1 inequalities are also valid:
where the two sequences of x and p complement each other -if one of them has x in some position then the other has p in the same position. There are 2 N sequences of x and p of length N , but the number of different inequalities is only half of this number, i.e. 2 N −1 . If we can find a state that violates one inequality of this kind then we can find states that violate any such inequality. To do it we need the phase-shifting operator [3] 
The action of this operator on wave functions is simply the fractional Fourier transform [4] 
As one can easily see, if ϕ = π/2 then
is the momentum representation of the state |ψ with the wave function ψ(x) in the coordinate representation. Let us take a pure bipartite (N = 2) state with the wave function ψ(x, y) and apply partial fractional Fourier transform F π/2 to this wave function with respect to the second argument. Denote this new wave functionψ. Then for the new state we have the relations
This means that if the original state violates the inequality (5) for N = 2 then the new state violates the inequality
The similar conclusion is also valid in the general multipartite case -from a state that violates one of the inequalities (7) we can construct 2 N −1 − 1 states that violate the other 2 N −1 − 1 inequalities of this form. If we want to minimize the inequalities (7) then we can restrict our attention to pure states only due to the Theorem 1. If the inequality
is valid for all bipartite pure quantum states of some quantum system, where operatorsÂ,Â act on one degree of freedom andB,B act on the other one, then this inequality is also valid for all states (i.e. including mixed states). The similar statement can be extended to multipartite case.
The statement of this theorem is intuitively clear because by mixturing quantum states we can only increase the dispersion. Equivalently it can be formulated as follows:
where all means all bipartite quantum states and pure means bipartite pure states only. So, if we want to minimize the inequalities (7) then we should focus our efforts on pure states. It is a very useful result since a wave function is a much simpler object than a density operator (it is not necessary to care about positivity).
Proof. The proof follows the idea of [1] . We have the inequality
which is valid for all bipartite pure states and for all non-negative λ by assumption. Now let us take a general mixed state . It can be written as a mixture of pure states
where p k are non-negative numbers such that k p k = 1 and |ψ k are some bipartite (pure) states. Due to the concavity of the dispersion, we have
From Lemma 3 of [1] we conclude that
which is equivalent to the inequality (13) for the mixed state .
As a measure of violation of the inequalities (7) we take the ratio of the right-hand to the left-hand side. In [1] a state violating the inequality (12) has been constructed. The violation of this inequality for that state is ≈ 1.2192. In this work we try to do better and find the minimal value of the product σ xp σ px for a special class of states, thus constructing highly entangled (with respect to this inequality) states and generalize our construction for larger numbers of parties.
III. SIMPLE STATE
We start our discussion of states that violate the inequality (12) with the derivation of an analytically expression for the coefficients of the state
that has been used in [1] and get an exact analytical expression for the violation value of 1.2192 that has been previously obtained numerically. It has been shown that the difference σ xp σ px − 1/4 for this state is given by the following quadratic form of the coefficients c n :
This quadratic form has been minimized by numerically computing the minimal eigenvalue λ min ≈ −0.04495 of the truncated matrix corresponding to this form. The components of the normalized eigenvector corresponding to the minimal eigenvalue are the coefficients of the state (19) and for this state we have σ xp σ px = (1/4) + λ min ≈ 0.20505. We now derive an analytical expression for these coefficients. The method presented here for this simpler case will be useful later when we present technique to solve more complicated and more general problems. Factoring out the common terms under the summation sign in the form (20) , we arrive to a simpler expression
where we use the coefficient transformationc n = nc n , n 1. We do not transform the coefficient c 0 and the coefficient c 1 is left unchanged:c 1 = c 1 . Let us assume that the transformed coefficients satisfy the simple relationc n+1 = ξc n , n 1, where |ξ| < 1 is a real parameter to be determined, i.e. that they form a geometrical progression. From this relation we can easily derive thatc n = ξ n−1 c 1 , n 1 and then express the quadratic form Q as a function of c 0 and c 1 only
On the other hand, from the relation for the transformed coefficients we immediately obtain the expression for the original coefficients c n
The first two coefficients c 0 and c 1 are not independent, from the normalization condition of the state (19) we obtain the following relation between them:
where Li s (z) is the polylogarithm special function defined by the infinite power series as [5] Li
The equation (24) describes an ellipse and this ellipse can be parametrized as follows:
Substituting these expressions into the equation (22), we obtain the following expression for our quadratic form:
where the coefficients C 1 (ξ) and C 2 (ξ) are given by
The minimal value of the expression (27) when ξ is fixed and ϕ varies is
and the value of the angle ϕ for which this minimal value is attained is determined from the equation
The plot of the function (29) is shown in Fig. 1 . One can numerically minimize this function (for example, with Mathematica) and get that the minimal value is ≈ −0.04495 for ξ min ≈ 0.318674. This result is in perfect agreement with the previous result obtained numerically by computing the eigenvalues of the quadratic form (20) .
To obtain the coefficients c n , we take the parameter ξ min and find the corresponding angle ϕ min from the equation (30). Then, we compute the coefficients c 0 and c 1 according to the equation (26). The rest of the coefficients are obtained from the equation (23) . Though we have not strictly proved that −0.04495 is the minimal eigenvalue of the quadratic form (20), we have analytically constructed a state on which this value is attained and shown that this result agrees with the numerical computations.
IV. CONSTRUCTION OF SPHERICALLY SYMMETRIC STATES
The state (19) has a very special form, so one can ask whether it possible to stronger violate the inequality (12) with a more general state. Here, we construct such a family of states that violate this inequality. The construction is lengthy and thus divided into several steps.
First step. At this step we analyze the product σ xp σ px and transform it into a more manageable form. The variances σ 2 xp and σ 2 px read as
Their product would be easier to deal with if the averages x apb and p axb were zero. This is the case when, for example, the wave function ψ(x, y) of the state under study is real. In fact, for a real wave function we have
since for any fixed x the integral over y can be taken explicitly
and is equal to zero due to the normalization property of ψ. In the same way we obtain the equality p axb = 0.
We have that for a real wave function we can write
and conclude that the product σ xp σ px can be bounded from above by the square root of the first term on the right-hand side of this expression, i.e. the following inequality is valid:
So, at this step, we have reduced our minimization problem to the study of the operatorẐ on the set of real wave functions. Second step. In the standard position representation, the operatorẐ is given by the following differential operator:
The average value of this operator on a real wave function ψ(x, y) can be computed as
Integrating by parts, this expression can be transformed as follows:
For a normalizable wave function the first term on the right-hand side is zero and, transforming the other term under the integral in Eq. (37), we can conclude that for the average Ẑ we have
Looking at this expression, it seems natural to write it in polar coordinates. The derivatives with respect to the Cartesian coordinates x and y can be expressed in terms of the derivatives with respect to polar coordinates r and θ as follows:
If we substitute these derivatives into the integral on the right-hand side of Eq. (39), the resulting expression will not look any simpler, so we will consider only real spherically symmetric wave function ψ(x, y), i.e. functions that do not depend on the angle θ when written in polar coordinates as Ψ(r, θ) = ψ(r cos θ, r sin θ). Then Ψ(r, θ) ≡ Ψ(r), so ∂Ψ/∂θ = 0 and Eq. (39) takes a simpler form
The normalization of the real wave function ψ(x, y) can be written as follows:
Here we note that the second term on right-hand side of the equation (34) iŝ
and for our spherically symmetric wave function ψ(x, y) we have
which can be easily obtained with the help of Eqs. (40). This means that in the case of a real spherically symmetric wave function we simply have
In this step, our original problem has been further reduced to the problem of minimizing the integral (41) provided that the function Ψ(r) satisfies the normalization condition (42). Third step. To simplify the integral (41) and the normalization condition (42) let us introduce the function f (r) via the relation
The normalization condition (42) in terms of this function reads as
We see that the function f (r) is normalized in the ordinary sense. Now let us write the last integral of Eq. (41) in terms of the function f (r). For the derivative we have
and, substituting this expression into Eq. (41), we get
In this step, we have formulated our problem as follows: find the minimum of the integral
provided that the function f (r) is normalized
In other words, we need to minimize the functional (50) over the set of normalized functions. Intuitively it seems to be clear that the minimum is not attained because function for which the integral (50) is small should have the shape of a peak located near the origin r = 0. Outside the peak the function should be small so that it is nearly constant and thus the derivative is almost zero, and the more narrow the peak, the smaller the region where f (r) is nonzero. On the other hand, the function f must be normalized, and the more narrow the peak the higher it must be, and then one can expect the the derivative inside the peak is large. The range of r where f (r) is nonzero is small but the value of the derivative is large, so that the function must have a special shape for the combination of these two competing features to give the smallest value of the integral (50). So, we expect to find a parametrized family of functions which represent infinitesimally narrow and infinitely high peaks of some special form when the parameter varies. Fourth step. Let us show that the value of the righthand side of Eq. (50) cannot be smaller than 1/8. To prove this, we first compute the integral
If we apply the Cauchy-Schwarz inequality
which is valid for all real integrable functions f (r) and g(r) on an interval [a, b], −∞ a < b +∞, to the functions f (r) and g(r) = rf (r) on the interval [0, +∞), we get
and the normalization condition (51) gives us the desired inequality
Note that, in fact, we have just proved the inequality
where we use the standard notation for the norm and scalar product of two square-integrable functions f, g ∈ L(0, +∞)
This notation and the inequality (56) will be used for the multipartite generalizations of the results obtained here. The Cauchy-Schwarz inequality (53) becomes equality if and only if the functions f (r) and g(r) are linearly dependent on the interval [a, b]. In our case this condition reads as rf (r) + λf (r) = 0 for all r 0. The general solution of this equation is f (r) = Cr −λ . One can easily see that such a function is not normalizable on the interval [0, +∞). This means that there is no normalized functions f (r) that minimize the inequality (55). The problem now is to construct such functions f (r) that approach to the lower bound 1/8 as close as possible. As a hint in this construction we look for functions for which there is a linear combination of rf (r) and f (r) that is small in some sense.
Fifth step. Using the Laguerre functions
which are complete and orthonormal on the interval [0, +∞) [6] , where L n (r) are Laguerre polynomials [7] L n (r) = e
we can write any function f (r), normalizable on [0, +∞), as a linear combination of the Laguerre functions
The normalization of f (r) and orthonormality of {l n (r)} give us the condition
From the relations for Laguerre polynomials [8] one can derive the following equality:
which is valid for n 0 (for n = 0 assume that l −1 (r) = 0). From this equality, for a general function (60) one can easily obtain the relation
Using the orthonormality of {l n (r)} one can get
where
From the inequality (55) we can conclude that R −1/2 provided that the equality (61) is satisfied. Going back to Eqs. (45) and (49), we have
We thus reduced our minimization problem to the minimization problem of the quadratic form (65). Sixth step. In this step we construct a parametrized family of states for which R tends to −1/2, and thus σ xp σ px tends to 1/8, but this minimum is not attained. Computing the eigenvectors corresponding to the minimal eigenvalue of the truncated matrices of the quadratic R one can observe that the components with odd indices are zero, so let us set d 2n+1 = 0, d 2n = c n , n 0. Then the form (65) becomes
This is very similar to the quadratic form Q defined by Eq. (20), except for the additional factor 2 in the second term under the summation sign. One can try the same approach we used for the form Q, but in this case it does not give us the optimal state, so another idea is needed.
From Eq. (63) we can obtain
If the relation c n+1 /c n = (2n + 1)/(2n + 2) were valid for all n 0, then we would have linear dependence of rf (r) and f (r) but, as we know, it is impossible for a normalized function f (r). And, in fact, one can easily check that the sequence c n , defined by this ratio, cannot be normalized. But we can try to define the coefficients via
where 0 < ξ < 1. From this relation one can derive an explicit expression for the coefficient c n
for n 1. The normalization reads as
where K(ξ) is the complete elliptic integral of the first kind [9]
We thus obtain the coefficient c 0
From Eq. (68) we get
and using orthonormality of {l n (r)} again we derive
where E(ξ) is the complete elliptic integral of the second kind [10]
Since lim ξ→1 E(ξ) = 1 and lim ξ→1 K(ξ) = +∞, we can conclude that the integral on the left-hand side of the equality (75) tends to zero when ξ → 1. One can say that the linear combination rf (r) + (1/2)f (r) becomes smaller and tends to zero when ξ → 1. This means that our choice of coefficients (69) is a good candidate for the minimizing function. Now we can write the function f (r) defined by Eq. (60) as (remember that d 2n+1 = 0 and d 2n = c n )
where c 0 is given by Eq. (73). To simplify the sum in this expression, note that the Laguerre polynomial L n (r) can be represented as follows [11] :
where J 0 (z) is the Bessel function of the first kind [12] J 0 (z) =
Substituting the integral representation (78) into Eq. (77) we get
where S(ξ, t) is the sum
Note that we can simplify this sum as follows:
where I 0 (z) = J 0 (iz) is the modified Bessel function of the first kind. Finally, we arrive at the following expression:
(83) In Appendix X we prove that the exchange summation and integration in Eq. (77) is legal. In this step, we have constructed a family of the functions (83), parametrized by the real parameter 0 < ξ < 1, that are good candidates for the functions that approach the equality in Eq. (55) as ξ → 1. Seventh step. Now let us compute the quadratic form (67). Substituting the coefficients (70) into the expression (67), we get R = (R 1 − R 2 )c 2 0 , where R 1 and R 2 are defined via
The first sum can be simplified as follows:
The second sum can be computed analogously
We finally obtain
As Fig. 2 illustrates, R < 0 for all 0 < ξ < 1. From the expression (87) we also see that R → −1/2 when ξ → 1. In this step we have proved that with the choice of the coefficients (69) the form (67) tends to its minimal value −1/2, but does not attain it. Eighth step. Having proved that the expression (83) gives us the desired family of functions, we now simplify this expression and transform it into a proper integral. To do it, we need the following standard theorem that can be found, for example, in [20] .
converges uniformly on the interval [θ 0 , θ 1 ], then the functionF (θ) is integrable on this interval and the following equality is valid:
In other words, under these conditions one can change the order of integration.
Note that the Bessel function I 0 (z) can be represented as follows [13] :
The Theorem 2 can be used to substitute this expression into the equation (83) and exchange the order of integration. In fact, we have
To show that the integral (88) converges uniformly on the interval [0, π] for any fixed 0 < ξ < 1 note that
The function e
valid for a > 0. For a = 0 this function is not integrable. We have that the integral
converges uniformly with respect to θ, since it does not depend on θ, and the function e −(1+cos θ) √ ξt is uniformly bounded by 1. We conclude that the integral (88) converges uniformly and exchanging the order of integration is legal. We then obtain the following expression for the function f (r) ≡ f ξ (r):
This integral (in fact, even more general one) can be found in tables [15] , and we have
Let us show that the this function has finite right derivative at the origin. We differentiate the expression (97) with respect to r and take the limit of this derivative for r → 0. This limit is then the right derivative f + (0). We have
and this expression is finite for all 0 < ξ < 1. In this step we finally obtain the expression for the family of wave functions:
From the finiteness of the right derivative f + (0) we can conclude that this wave function is smooth at the origin, since the derivative df (r 2 )/dr = 2rf (r 2 ) is equal to zero for r = 0. The function Ψ(r), defined by Eq. (46), is shown in Fig. 3 . In fact, it has meaning only for 0 r < +∞, but here it is illustrated for the whole real line. Note that the shape of these functions is as we have expected. Using the integral representation of the wave function (99), we can compute the product σ xp σ px according to the first equality of Eq. (34). Exchanging the orders of integration as we did before, we can arrive to the following expression for this product:
This expression can be shown to agree with Eqs. (66) and (87). In this way we get directly from the definition the desired property of this wave function. The bipartite state with the wave function (99) we denote as |Ψ ξ . For all 0 < ξ < 1 these states violate the inequality (12) and when ξ → 1, we have σ xp σ px → 1/8, so the violation tends to 2. In next sections, we study some simple properties of the states constructed and then extend this approach to a more general multipartite case.
V. PROPERTIES
In this section we compute the scalar product of the states |Ψ ξ with different values of the parameters ξ and find the decomposition of these states in the Fock basis.
A. Scalar product of states with different parameters
On can easily verify that the scalar product Ψ ξ |Ψ ξ of the states |Ψ ξ and |Ψ ξ can be computed as the scalar product of their corresponding functions f ξ (r) and f ξ (r)
For the latter we have
In this expression the integrations over the angles θ and θ are performed first and then the integration over r. Note that
From this we can we can conclude that the order of the integrations can be changed and the integration over r can be performed first and we get the equality
After the integration over θ we get
Making substitution z = cos θ , the last integral is transformed to the following one:
which, in turn, is transformed to 2K( √ ξξ ) by the substitution z = sin θ. We then obtain the desired scalar product
Note that for ξ = ξ we get the normalization condition Ψ ξ |Ψ ξ = 1, as it must be.
B. Fock states representation
Now we derive the coefficients c nm , n, m 0, of the state |Ψ ξ in the Fock basis. To do this, we need to find the scalar product of the state |Ψ ξ with the Fock state |nm , c nm = nm|Ψ ξ or, in other words, we need to compute the integral
is the wave function of the Fock state |n . To compute this integral, we introduce the generating function
This generating function is useful because it is much easier to compute the integral
and then expand it in u and v to find the coefficients c nm .
We have 
The inner integral (over θ) can be easily taken by noting that u cos θ + v sin θ = √ u 2 + v 2 cos(θ + θ u,v ) and that due to periodicity of cosines function the shift θ u,v plays no role in the integration over the period:
We can substitute the expression (96) for the function f (r) and get a repeated integral for I(u, v). One can easily check, as it has been done before, that the order of integration can be changed and at the end we get the following result:
The integral can be taken explicitly and expressed in terms of the Bessel function I 0 , but the expression (114) is more convenient for our purpose. The exponent under the integral is the product of two exponents, one containing u and the other containing v. We can expand them in u and v respectively, multiply and integrate over θ. As one can see, we have to integrate powers of the cosines function. For these powers we have (see Eq. (127) below)
if n is even and the integral of odd powers are zero. From this, one can obtain
where the sum runs over all n and m with n + m even. On the other hand, from Eqs. (108), (110) and (111) we have
Comparing this with the expansion (116), we obtain the coefficients c nm
where either n = 4n , m = 4m or n = 4n +2, m = 4m + 2, all other coefficients are zero. As an additional check, in Appendix B we derive directly from the expression (118) that the coefficients c nm satisfy the normalization condition.
VI. GENERALIZATION
In this section we generalize our construction to an arbitrary even number N = 2n of subsystems. We use the notation σ 
Here we again consider only spherically symmetric wave functions ψ(x 1 , . . . , x N ) = Ψ(r), where, as before, we define r = x = x 2 1 + . . . + x 2 N . For the partial derivatives we have
and, in general, for distinct indices i 1 , . . . , i k we have
For a spherically symmetric wave function Eq. (45) can be generalized as follows:
where the right-hand side is given by the integral
To evaluate this integral we the spherical coordinates given by
where ϕ 1 , . . . , ϕ N −2 ∈ [0, π) and ϕ N −1 ∈ [0, 2π). The Jacobian of this variable transformation is
We then have the following equality:
The integrals over the angles can be easily taken explicitly [16] 
where B(x, y) is the Euler beta-function. We can write
Using the well-known relation for the beta-function
the right-hand side of Eq. (128) can be simplified as follows:
This expression is valid for all N 1, including odd values. In our case N = 2n is even and this expression can be further simplified:
Finally, for the averaged value Ẑ (N ) we have
For n = 1 this expression coincides with Eq. (41). From the normalization condition
in the same way we can obtain the following equality:
For n = 1 it coincides with Eq. (42). Let us introduce the function f (r) via the relation
which generalizes Eq. (46). From Eq. (134) we have
We see that the function f (r) is normalized in the ordinary sense. Computation of the integral (132) requires more work. As one can easily check, we have
where the coefficients a k are to be determined. We can write the Taylor expansion of the function f (r 2n ) as
and apply the differential operator to this expansion
On the other hand, each of the n derivatives on the righthand side of Eq. (137) can also be expanded into its Taylor series and when these expansions are substituted into Eq. (137) we get
The two expressions (139) and (140) must agree, so the coefficients of the powers r 2nk must be equal for all k = 0, 1, . . .. When we equate these coefficients for k = 0, 1, . . . , n − 1 we get the following system of equations:
for m = 1, . . . , n. This system has the following matrix:
One can easily verify that the inverse matrix A −1 is given by a similar expression In fact, the elements of these matrices are
(144) The matrix element of the product is
Only the terms with i k and k j are nonzero in this sum, so all terms above the main diagonal, i.e. the terms with i < j, are zero (the product of two lower triangular matrices is also lower triangular). For i j we have
where the last equality is due to the well-known identity for the binomial coefficients [17] . We see that the product of these two matrices is the identity matrix, A·A −1 = E n , so the matrix A −1 defined by Eq. (143) is indeed the inverse of the matrix (142).
We now can express the coefficients a k explicitly
Now one can verify that coefficients of the powers r 2nk in the expression (139) and (140) agree not only for k = 0, 1, . . . , n − 1, but for all k. When we substitute Eqs. (135), (137) into Eq. (132) we get an explicit expression for Ẑ (n) in the form of the following functional:
where the coefficients b k read as
For n = 1 Eq. (148) coincides with Eq. (50). First, we show that the integral on the right-hand side of Eq. (148) is never zero for a square-integrable function f (r). In fact, if this integral is zero then f (r) satisfies the following differential equation of the nth order on the interval (0, +∞):
This equation has n linearly independent solutions. We can try to find them in the form f (r) = r α , where α must satisfy the equation
where (α) k = α(α − 1) . . . (α − k + 1) is the Pochhammer symbol. One can easily verify that this equation has n different roots
This follows from the fact that if we take f (r) = r j/n , then f (r 2n ) = r 2k and
for k = 0, 1, . . . , n − 1. In Appendix C we prove directly from the expression for the coefficients b k , Eq. (149), that the numbers (152) satisfy the equation (151). We see that any solution of the equation (150) has the form
None of these functions is normalizable on the interval (0, +∞). Now we find the infimum of the operators Ẑ (n) over the set of all normalized functions f (r). It is rather a challenging task to do it in general so we find the minimum for n = 2, 3 and develop a method which allows to do it in general. In both cases the functions obtained in the previous step are used. In contrast to the bipartite case, here we could not find explicit analytical expressions for the solutions we obtain, but we developed a technique to prove that these solution are indeed optimal without having explicit expressions for them.
A. Four-partite case
For N = 4 we need to minimize the integral
We prove a more general Theorem 3. The equality
is valid provided that a 1.
Another formulation of this theorem is the statement that for an arbitrary non-normalized (but normalizable) function f we have the inequality
and the coefficient on the right-hand side is the best possible (for a 1).
Proof. Computing the scalar product
we can apply Cauchy-Schwarz inequality to get
where we used the inequality (56) and the normalization f = 1. We need to show that one can find such functions f with f = 1 that the difference between the left-hand and the right-hand side of the inequality (156) becomes arbitrary small. We construct such functions with the help of the functions we obtained for N = 2.
Let us take the function f ξ (r) ≡ f
ξ (r) defined by Eq. (97) and find a normalizable solution g ξ (r) of the equation
To solve it, we first solve the following auxiliary equation, motivated by the integral representation (96):
Then, the corresponding solution of Eq. (160) is
where, in fact, G(r) depends on both ξ and θ, since γ in Eq. (161) depends on them. The general solution of Eq. (161) is
so a normalizable solution of Eq. (160) is given by
where Γ(ζ, x) is the incomplete Gamma-function [18] 
The solution (163) for c = 0 can be also written as [19] G(r) = − e −γr
so it is clear that the corresponding solution (164) is normalizable. We could not find an explicit expression for the function g ξ (r) itself or for its norm in terms of known special functions, but it is possible to find the limit of g ξ when ξ → 1. From Eq. (160) we obtain
and, since the solution g ξ (r) is normalizable, we have
To estimate r 2 g ξ , let us compute the scalar product
from which we get the inequality
and from the second equality of Eq. (168) we get
(171) Then, from this inequality, the first equality of Eq. (168) and the inequality (56) we have
It is in this place that we use the condition a 1 that guarantees non-negativity of the coefficient (1−a)(1−2a). By construction of the function f ξ , we have 4 rf ξ 2 → 1 when ξ → 1, from which we immediately get
and thus g ξ 2 → 3 2 a − 1 −2 when ξ → 1. Results of numerical integration of g ξ for several randomly chosen a > 1 and for ξ ≈ 1 agree with this conclusion (within the accuracy provided by the numerical integration routines). If we take the functioñ
then this function is normalized, g ξ = 1 for all ξ ∈ (0, 1), and we have
when ξ → 1, which concludes the proof.
From this theorem, for a = 2, we get inf Ẑ (4) = 1/30. As a minimizing family of functions we can take the functions f (4) ξ (r) =g ξ (r), whereg ξ (r) is given by Eqs. (174) and (164) for a = 2. The corresponding function Ψ(r), Eq. (135), is shown in Fig. 4 . The wave function ψ(x) is given by
The functions (174) for a = 3/2, which we will denote by the same symbol f 
B. Six-partite case
For N = 6 we have to minimize the integral
The solution is given by Theorem 4. The following equality holds true:
A family of functions that approach this infimum can be constructed with the help of the functions obtained for the previous case n = 2.
Proof. We have 
VII. CONCLUSION
In conclusion, we summarize our results obtained in this work. We have tried to minimize the uncertainty product σ xp σ px and its multipartite generalizations. We have shown that pure states are sufficient to minimize such uncertainty products. We have outlined the general approach for the case of an arbitrary even number of parties and explicitly found the infimum of these products over a special class of states with real spherically symmetric wave functions in bipartite, four-partite and six-partite cases. We have also constructed parametrized families of states that approach the corresponding infimums by varying the parameter. Namely, we have shown that any bipartite state for which We need to verify that we can exchange summation and integration in Eq. (77). We use the following theorem that can be found, for example, in [20] .
Theorem 5. Assume that the sequence of functions F n (t), n = 0, 1, . . ., defined on an infinite interval [t 0 , +∞), uniformly converges to the function F (t) on any finite interval [t 0 , T ], T > t 0 . If the integral 
is valid. In other words, under these conditions the limit of integrals is equal to the integral of the point-wise limiting function.
We apply this theorem to the functions F n (t) = c 0 e r S n (ξ, t)J 0 (2 √ rt)e −t = c 0 e
where ξ and r are fixed. From the representation (82) it is clear that the partial sum S n (ξ, t) converges uniformly to I 0 (t √ ξ) on any finite interval. To prove that the integral F n (t) dt converges uniformly note that 0 < √ te −t S n (ξ, t) < √ te −t I 0 (t ξ).
The Bessel function I 0 (t) has the following asymptotic expansion for large t [21] :
I 0 (t) ∼ e t √ 2πt 1 + 1 8t + 9 128t 2 + . . . ,
from which we immediately get that √ te −t I 0 (t √ ξ) → 0 when t → +∞ (take into account that 0 < ξ < 1) and, as a consequence, we see that the function √ te −t I 0 (t √ ξ) is bounded on [0, +∞). We have just proved that the functions √ te −t S n (ξ, t) are uniformly bounded. On the other hand, the function J 0 (2 √ rt)/ √ t (which does not depend on n) is integrable for r > 0 [22] 
From this we can conclude that the integral F n (t) dt converges uniformly and thus we can apply the Theorem 1 to verify the correctness of the expression (83). 
can be obtained directly from the explicit expression (118) for these coefficients. In fact, we have where the prime means that the sum runs over only those pairs of n and m that have the form n = 4n , m = 4m or n = 4n + 2, m = 4m + 2. The first equality is simply the "diagonal" summation of this double series with nonnegative coefficients (so the sum does not depend on the order of summation) and the second equality is valid since if N is not a multiple of 4 then c nm = 0 for all pairs (n, m) with n + m = N . From the expression (118) for the coefficients we see that we need to compute the following primed sum: 
To compute this sum, let us introduce the function F (x) via the equality [23]
Then we can observe that the sum (B3) can be written in a compact form with the help of F (x) as
where [x n ]F (x) is the coefficient of x n in the Taylor expansion of F (x). Thus, we have
Now we can finish the computation of the sum on the left-hand side of Eq. (B1): 
where we have taken into account the relation (72). This completes the proof of the equality (B1).
